Abstract: This paper gives a direct proof that the leading trace part of the genus zero twistor-string path integral obeys the BCFW recursion relation. This is the first complete proof that the twistor-string correctly computes all tree amplitudes in maximally supersymmetric Yang-Mills theory. The recursion has a beautiful geometric interpretation in twistor space that closely reflects the structure of BCFW recursion in momentum space, both on the one hand as a relation purely among tree amplitudes with shifted external momenta, and on the other as a relation between tree amplitudes and leading singularities of higher loop amplitudes. The proof works purely at the level of the string path integral and is intimately related to the recursive structure of boundary divisors in the moduli space of stable maps to CP 3 .
Introduction
There is by now little doubt that the twistor-string theory captures the complete tree-level S-matrix of maximally supersymmetric Yang-Mills theory in four dimensions. Beyond the early calculations of [1] [2] [3] , considerable supporting evidence for this view has emerged in a series of recent papers [4] [5] [6] [7] [8] [9] that relate the twistor-string to the Grassmannian contour integral of [10] . In [4] [5] [6] the twistor-string was shown to define a natural cycle in the Grassmannian by the Veronese embedding. Using contour deformation arguments, this relationship was exploited to prove that the twistor-string correctly computes all NMHV tree amplitudes [6, 7] and all gluonic split helicity 1 partial amplitudes [8] . Most recently, Bourjaily et al. [9] have expressed the twistor-string cycle for arbitrary numbers of particles and arbitrary MHV degree in terms intrinsic to the Grassmannian. The resulting integral is then conjectured to be independent of certain parameters t j that interpolate between the twistor-string integrand at t j = 1 and the BCFW expansion at t j = 0.
The relation to the Grassmannian is certainly very elegant and doubtless has much more to teach us. However, precisely because they take place in an auxiliary space -G(k, n) -these calculations do not illuminate what is happening to the string itself as it undergoes BCFW recursion. For example, in [6, 9] the interpretation of the integrand for generic t j ∈ (0, 1) is still somewhat mysterious. In consequence, the relation between the Each term in the BCFW decomposition of an n-particle NMHV tree amplitude has support on three intersecting lines in twistor space. This is a genus one curve of degree three, and not a degree two rational curve as predicted by twistor-string theory.
string worldsheet and the BCFW expansion is not made clear and the extent to which the twistor-string, as opposed to the Grassmannian, really knows about BCFW remains obscure. This is not merely a matter of technical complexity. For example, twistor-string theory teaches us to expect that NMHV tree amplitudes are supported on degree 2 rational curves in twistor space. However, upon solving the BCFW recursion in momentum space [11] , one finds that the NMHV amplitudes may be written as a product of the MHV tree with a sum of certain dual superconformal invariants R n;ab . In twistor space, each such term is supported when the external twistors lie on three intersecting lines in a configuration of genus one, as shown in figure 1. More generally [5, 12] , each term in the BCFW decomposition of an n-particle N p MHV tree amplitude has support when the external twistors lie on 2p + 1 lines that form a highly degenerate curve of genus p, and not the degree p + 1 rational curve predicted by twistor-strings. I emphasise that the same, high genus configurations are found whether one transforms the momentum space answer or localises on residues in the Grassmannian formula of [10] .
In [5] , these higher genus configurations were interpreted as treating each term in the BCFW expansion as a leading singularity of a multi-loop amplitude in a momentum space channel that can readily be deduced from the twistor support. This interpretation is an natural extension of the arguments of [13] , where the recursion relation was originally obtained by considering a particular class of leading singularities at one loop. But, if we take the legitimate view that BCFW recursion is a relation purely among tree amplitudes, how can the g = 0 twistor-string know about such apparently bizarre configurations as in figure 2 at N 2 MHV? Certainly, there are no maps from a genus zero worldsheet to a higher genus image.
This paper answers such questions. After quickly reviewing the relevant aspects of twistor-string theory in section 2, in sections 3 and 4 we derive the BCFW recursion relation directly from the twistor-string path integral. The argument closely parallels the Figure 2: An example of the twistor support of a summand in the solution of the BCFW relation for N 2 MHV amplitudes (A MHV R n;a1b1 R n;b1a1;a2b2 in the notation of [11] ). The two triangles lie in different planes.
momentum space derivation of Britto, Cachazo, Feng and Witten themselves [14] , and provides the first complete proof that the leading trace contribution to the g = 0 twistorstring path integral indeed correctly computes all tree amplitudes in N = 4 SYM. Aside from the basic simplicity of the derivation -requiring little more than an integration by parts -one of the main advantages of this direct approach is that the worldsheet and its image in twistor space remain clearly in view at every stage. This allows us to provide a beautiful geometric interpretation of BCFW recursion for twistor-strings and in section 5 we explain how this is compatible with the dual (tree vs. leading singularity) interpretations of the recursion.
Scattering Amplitudes from Twistor-Strings
To set the stage, let us briefly review the salient features of the twistor-string (further details can be found in [1, [15] [16] [17] [18] ). Twistor-strings may be formulated starting from the action
where Z : Σ → PT is a map from a compact Riemann surface Σ to twistor space 2 , whose homogeneous coordinates are represented by four bosonic and four fermionic worldsheet scalar fields Z I (σ) = (Z α (σ), ψ a (σ)). Since homogeneous coordinates are defined only up to local rescalings, these fields are valued in a holomorphic line bundle L ∼ = Z * O(1) and we let D be the (0,1)-part of a connection on L. The field Y ∈ Ω (1,0) (Σ, C 4|4 × L −1 ) is a Lagrange multiplier that forces the map to be holomorphic, so that on-shell
There are thus 4h 0 (Σ, L) fermionic zero-modes, which must be absorbed by vertex operator insertions if the path integral is not to vanish. For external states in N = 4 SYM, the vertex operators are constructed by coupling elements
to a worldsheet current algebra that is left implicit in (2.1). Such cohomology classes represent linearised N = 4 YM supermultiplets via the Penrose transform. Expanding in the fermions,
we see that n-particle N k−2 MHV amplitudes 3 receive contributions only from the path integral sector where h 0 (Σ, L) = k. The Riemann-Roch theorem states that for genus g
where d = deg L is the degree of the map, while the Kodaira vanishing theorem ensures that generically (and always at genus zero) h 1 (Σ, L) vanishes. Thus, at tree-level, N k−2 MHV amplitudes are supported on holomorphic curves in twistor space of degree
To compute scattering amplitudes, one first integrates out the current algebra. At leading order in the colour trace, this yields a contribution
summed over non-cyclic permutations of the labellings. Here, u a are homogeneous coordinates on the CP 1 worldsheet, with (u 1 u 2 ) ≡ ab u a 1 u b 2 . The individual factors in (2.5) may be thought of as propagators linking two points that are adjacent in some colour-ordering, and indeed they arise this way if the worldsheet current algebra comes from a holomorphic free fermion model.
Together with the cohomology classes obtained from the vertex operators, this current correlator is integrated over the moduli space M 0,n (PT, d) of degree d stable maps from a genus zero worldsheet with n marked points to twistor space, considered up to worldsheet automorphisms. After fixing the SL(2, C) transformations, the current correlator and zero modes 4 of Z (describing the holomorphic map) provide a top holomorphic form on this space and, since the integrand depends on the coordinates of M 0,n (PT, d) holomorphically, we treat the path integral as a contour integral. In split signature, the appropriate choice of contour comes from demanding the map is equivariant with respect to real structures on Σ and on PT that fix an equator and an RP 3|4 real slice, respectively.
The twistor-string formalism makes manifest a number of important properties of the colour-ordered amplitude, such as the dihedral symmetry in the external states, and the photon decoupling identity. It is also straightforward to show that the twistor-string formula has the correct collinear and soft limits [2] as well as the correct behaviour under parity transformations [3] . As it is based on a holomorphic map to a homogeneous space 3 Twistor and spinor conventions used in this paper are detailed in appendix A. 4 The non-zero modes provide a section of a determinant line bundle that may be chosen to be trivial and have a flat (Quillen) connection, at least at genus zero. See e.g. [17] .
(whose Chern classes vanish due to N = 4 supersymmetry), the twistor-string is also expected to possess a Yangian symmetry [1] .
In the remainder of this paper, we will consider scattering amplitudes for external states that are 'localised at definite twistors'. In a Dolbeault framework, these are obtained by choosing external wavefunctions
Except for the three-particle MHV amplitude, we will also make the genericity assumption that no two external twistors coincide in PT, i.e. that Z I i = rZ I j for any r ∈ C * . Note that D 3|4 X ∧δ 3|4 (X, Y ) may be thought of as a representative of the Poincaré dual of the diagonal ∆ ⊂ PT X × PT Y , and thatδ
. . , Z n ) constructed from these wavefunctions is interpreted as a (0, 2n)-form with compact support on ⊗ n i=1 PT i , and may be paired with classes in H 0,1 (PT i , · ) to obtain the scattering amplitude of finite-norm wavefunctions.
The BCFW Shift on Twistor Space
The BCFW procedure starts by deforming the on-shell supermomenta (π A , π A , ψ a ) of two states, say 1 and n, as [14, 19, 20] 
where t parametrises the deformation. (I suppress spinor and R-symmetry indices.) These shifts are generated by the vector
that acts on the n-particle on-shell momentum superspace. The correspondence between twistor space PT and complexified space-time is encoded in the incidence relations
These show that space-time supertranslations (x, θ) → (x+a, θ +ξ) are generated on PT by the vector fields iπ A ∂/∂ω A and π A ∂/∂ψ a . Comparing these to the momentum operator P AA =π A π A ↔ −i∂/∂x AA and the (chiral) supersymmetry generator 5 Q aA = η a π A ↔ ∂/∂θ aA shows that we have a correspondencẽ
and
In split signature space-time this obtained from treating (π A , η a ) and (ω A , ψ a ) as Fourier conjugate variables 6 as in [1] , but note that (3.4)-(3.5) hold even in the complex. Under this replacement, the BCFW shift is generated on twistor space by 6) so that the entire supertwistor Z 1 is translated towards Z n , while all other external twistors are unaltered. Indeed, recalling that the shift parameter t ∈ C ∪ {∞}, this Riemann sphere finds a geometric realisation as the holomorphic line [Z 1 ∧ Z n ] in twistor space, with t = 0 the point Z 1 and t = ∞ the point Z n . Correspondingly, if in split signature the twistor amplitude is written as the Fourier transform of the momentum space amplitude 7
then by absorbing the translation ofπ n into the integration measure, the shifted momentum space amplitude may be transformed as
As t varies, we obtain a one parameter family of twistor amplitudes depending on the n − 1 twistors Z 2 , . . . , Z n and also on the line through Z 1 and Z n . Note that the shift is meaningless for the 3-particle MHV amplitude, since all three external twistors coinicde. For MHV amplitudes, the line [Z 1 ∧ Z n ] coincides with the image of the worldsheet, but for all higher MHV levels the worldsheet does not wrap this line.
This argument was noted by Mason and the author in [21] , but was not exploited there. Instead, that paper simply translated the right hand side of the momentum space BCFW expansion into twistorial language. Here, we will make use of the above twistor space BCFW shift to derive a recursion relation for the twistor-string directly. 6 The absence of factors of i is accounted for by noting that if the split signature incidence relation is taken to be (3.3) then the components of x AA must be purely imaginary. 7 Here and below, the Fourier transforms are taken supersymmetrically, so that in particular exp(iω ·π) ≡ 
exp(iω

The Recursion Relation
We will model our proof of the twistor-string recursion relation on the proof of BCFW themselves [14] . So we write the desired amplitude as
where the contour is a small circle around t = 0, and seek to evaluate the same integral by instead summing over contributions from the deformed amplitude, as computed from twistor-string theory. We immediately notice that there is no contribution at t = ∞, for using projective invariance to rescale Z 1 + tZ n t −1 Z 1 + Z n , any such term would have to map both the first and n th worldsheet marked points to the same point Z n ∈ PT. Beyond d = 0, there are no such rational maps. (In making this argument, it is important that we used the supersymmetric BCFW shift so that the entire supertwistor Z 1 (t) coincides with Z n at t = ∞.)
A Contour Deformation in the Path Integral
We must now understand the t-dependence of the amplitude itself. From the point of view of twistor-strings, the shift affects neither the worldsheet fields Z(u), nor the location of the vertex operator insertions on Σ -indeed it cannot, since these are integrated out in computing the amplitude. The only place the shift enters is in the vertex operator associated to the first marked point:
Our strategy is thus to evaluate the right hand side of (4.1) by exchanging the order of the path integral and the t contour integral. To do this, first recall thatδ 3|4 (X, Y ) is defined explicitly bȳ
In treatingδ 3|4 (Z i , Z(u i )) as a vertex operator, one of the∂ operators in (4.3) should be taken to act on the worldsheet coordinates. Indeed, this is explicitly found to be the case when computing MHV amplitudes -one component of thisδ 3|4 -function is used to fix the integration over the worldsheet coordinate of the i th marked point in terms of the external spinor π i , transforming the current correlator denominator into the standard Parke-Taylor denominator.
More generally, if the external wavefunctions are represented by Dolbeault (0,1) cohomology classes on twistor space, then vertex operators are constructed by using the n evaluation maps
to pull these cohomology classes on PT back to cohomology classes on M 0,n (PT, d), over which the path integral is taken. To spell this out, in the context of (4.3) one has 5) where in going to the last line, we use the fact that the∂-operator commutes with pullbacks (the evaluation map is holomorphic) and replaced the homogeneous coordinates Z I by their pullback Z I (u i ) = ev * i (Z I ). The important point is that because we commuted it through this pullback, the∂-operator that appears in the last line of (4.5) is really 8 the∂-operator on M 0,n (PT, d).
Now, integrating by parts, we can remove one of these∂-operators from the t-dependent vertex operator and have it act on the remaining terms in the path integral 9 . This leaves us with a 'bare' factor of 1/(Z 1 + tZ n + sZ(u 1 )) α for some component α, which can be used to perform the t contour integral. In fact, it will not be necessary to do this t integral explicitly. We first recast the BCFW contour integral (4.1) in Dolbeault form as
Having transferred a∂-operator off one of the components of the shifted vertex operator above, in the second line of (4.6) we promptly put one back on again, but now the∂-operator associated with the BCFW shift parameter. Equivalently, the contour that used to wrap around t = 0 now wraps around (Z 1 + tZ n + sZ(u 1 )) α = 0 and treating this as a simple pole in t has the same localising effect as the original Dolbeaultδ-function. At this stage, the BCFW shift parameter is really no different from any of the other scaling parameters in the vertex operators. Indeed, we may define [21] 
that forces its three arguments to be collinear in projective twistor space. Thus, after our integrations by parts, while the marked points {2, 3, . . . , n} must still be mapped to some fixed points {Z 2 , . . . , Z n } ∈ PT, the first marked point is only required to map to the line
) and so contains a sum of terms that are (0, p)-forms on PTi and (0, 3 − p)-forms on the moduli space. The vertex operator is formed from the summand that is a (0,1)-form on the moduli space. 9 Equivalently, in aČech framework this may be thought of as a global residue theorem on the moduli space.
Localising on Boundary Divisors
Having peeled it off from the vertex operator, we must now evaluate the action of the moduli space∂-operator on the remaining terms in the path integrand. This operator does not see the remaining vertex operators, since these represent∂ cohomology classes. It also does not see the measure on the space of zero modes of the worldsheet map Z(u), since this measure is holomorphic (even Calabi-Yau in our N = 4 context). Thus, the only potential contribution is
coming from the current correlator, considered up to worldsheet automorphisms. After quotienting by SL(2, C) transformations, this current correlator is an (n − 3, 0)-form on the moduli space M 0,n of genus zero n-pointed stable curves, parametrising the locations of the vertex operators up to SL(2, C) equivalence 10 . Clearly, the correlator has no poles on the dense open set M 0,n ⊂ M 0,n describing n distinct points on CP 1 , so the only possible contributions to (4.8) come from the boundary M 0,n \M 0,n . In the Deligne-Mumford compactification (standard in string theory), the limiting configurations where marked points collide are described in terms of nodal worldsheets with the marked points distributed among the different irreducible components in a way that reflects the way the collision is approached.
In fact, this story is very familiar in string theory. From the worldsheet point of view, the∂-operator on M 0,n (PT, d) started out life as the antiholomorphic BRST operator corresponding to the scalar supercharge of a twisted (0, 2)-model [17] . The path integrand is BRST closed, except for possible contributions from the boundary of the moduli space where the worldsheet degenerates (see e.g. [22] ).
To examine the behaviour of the correlator near M 0,n \M 0,n , let us first consider the simplest case of n = 4. As is well-known, M 0,4 ∼ = CP 1 − {0, 1, ∞}, parametrising the possible location of the fourth marked point once three are fixed, while the compactification M 0,4 ∼ = CP 1 with three special points {0, 1, ∞} corresponding to the three possible stable 11 worldsheet degenerations. The unique independent cross-ratio
provides a local coordinate on M 0,4 with the points x = {0, 1, ∞} corresponding to the nodal curves shown in figure 3 . Note that two of these boundary divisors -x = 0 and 10 For n ≥ 3 there is a map from M 0,n(PT, d) → M 0,n that forgets about the map to the target space (i.e., ignores the behaviour of the worldsheet field Z(u)). The current correlator is really pulled back to M 0,n(PT, d) by this map, and we again commute the∂-operator on M 0,n(PT, d) through this pullback to act on the current correlator as the∂-operator on M 0,n. 11 A curve is stable if it has at most a finite automorphism group. At genus zero this implies that each curve component contains at least three special points (either marked points or nodes). x = ∞ -are compatible with the cyclic ordering of the marked points, while the remaining divisor x = 1 is not.
The n = 4 current correlator is naturally written in terms of this cross-ratio. For example, using the SL(2,C) invariance to fix u 1 , u 3 and u 4 to some arbitrary values, we have
(Any other choice of gauge fixing leads to the same result.) This makes it clear that the current correlator has a simple pole at x = {0, ∞} ∈ M 0,4 -i.e. on each boundary divisor that is compatible with the cyclic ordering -while it remains regular at x = 1. Thus, when the∂-operator acts on the four particle current correlator, we obtain a sum of two terms, each one localising on the space of holomorphic maps from worldsheets that have degenerated in a way compatible with the cyclic ordering. Focussing on the x = 0 term, the residue of (4.10) is of course 2πi, but it is instructive to express this as 1 2πi
where u and v are homogeneous coordinates on the two irreducible components of the wordsheet (each of which is a CP 1 ), and u * , v * are the coordinates of the node on each component. Using the freedom to make independent SL(2, C) transformations on each component, we can fix the three special points on each component to some arbitrary values and, accounting for the resulting Jacobians, the right hand side of (4.11) is indeed unity. The reason for writing (4.11) is to show we can interpret the residue of the 4-point current correlator as a product of lower-point current correlators on each component of the pinched worldsheet, with the nodes themselves participating in the correlator. As illustrated in figure 4 , this is exactly what we would expect from considering the original correlator as the worldsheet degenerates.
Note that while (4.11) gives the residue of the current correlator, to obtain the residue of the full path integrand we must also consider the behaviour of the map itself on these boundary divisors, and how this is affects the vertex operators. This is carried out in section 4.3. There we will see that the remaining term at x = ∞ actually gives no contribution as a consequence of our genericity assumption on the external twistors. Indeed, since we are considering the Z 1 → Z 1 + tZ n shift, we would not expect to find a contribution from x = ∞, where the first and fourth (= n th ) vertex operators are on the same worldsheet component.
Returning to the n particle case, we can describe a patch of M 0,n by making a choice of n − 3 independent cross-ratios. For general n, there are many possible ways to choose these cross-ratios. A particularly useful choice for our purposes is
the point being that, as in (4.10), the n-point current correlator becomes simply
where we have used the SL(2,C) freedom to fix the 1 st , (n − 1) st and n th marked points. Notice that the equality of these two expressions proves that our cross-ratios are indeed independent. Thus, when the∂-operator acts on the current correlator, in the coordinate patch covered by our choice of cross-ratios we obtain a sum of terms each localising on a boundary divisor where an individual x i vanishes. Which divisor is this? The cross-ratio x i → 0 when either the 1 st and i th , or the (i+1) st and n th marked points approach each other. Supposing that u i → u 1 , then as well as x i → 0, naïvely 14) contradicting the fact that our cross-ratios are to be treated as independent in order for them to provide coordinates on the moduli space. In order for x i−1 to remain generic as x i → 0, it must be that the (i − 1) st marked point also approaches marked points 1 and i at the same rate. Iterating the argument, we see that the boundary divisor where x i → 0 with all other x j remaining unaffected corresponds to a nodal worldsheet in which all of the marked points {1, 2, . . . , i} lie on one component and the remaining marked points {i + 1, . . . , n − 1, n} lie on the other. Note also that (4.13) remains regular when any x i → 1, corresponding to the (j + 1) st marked point colliding with the first, while the j th remains generic and thus describing a boundary divisor that is not compatible with the cyclic ordering. When n > 4 it is less easy 12 to find global coordinates on M 0,n and there are other boundary divisors that are not simply at x j = ∞. In fact, on account of the cyclic symmetry of the original expression, it is clear that the n-particle current correlator has a simple poles on every boundary divisor that is compatible with the cyclic ordering, generalising the n = 4 case. We can exhibit these poles explicitly by choosing a different SL(2, C) gauge fixing and introducing a new set of cross-ratios y j that are related to the x j by a cyclic permutation of all n marked points. These y j are then good coordinates in the neighbourhood of a boundary divisor where one of the y i → 0, and it is clear that the current correlator has a simple pole here too. Once again we will find that, under the [Z 1 ∧ Z n ] shift, boundary divisors in which the first and n th marked points are on the same worldsheet component do not contribute for generic external momenta.
There is another way to see why boundary divisors in which the distribution of marked points among the irreducible components does not respect the cyclic ordering do not arise as residues of (4.13). The dependence of the current correlator on the location of the i th marked point is given by
where we have included a factor of (u i−1 u i+1 ) so as to obtain a homogeneous expression. This may be thought of as a meromorphic 1-form
on Σ, evaluated at the location of the i th marked point. This form is characterized by having simple poles only at the locations of the two adjacent marked points, with residues ±1 (see also [24] ), and so ω has neither poles nor zeros on M 0,n ⊂ M 0,n . To extend the current correlator over the boundary of M 0,n , we must extend (4.15) to a meromorphic 12 One possible construction of M 0,n is to blow up CP n−3 at n − 1 points in general position, then again along the lines joining pairs of these points, then again along the planes joining triples of points and so on, a total of n − 4 times [23] . In particular, M 0,4 ∼ = CP 1 and M 0,5 ∼ = dP(5).
form on a nodal worldsheet. Such a form is really a pair (ω 1 , ω 2 ) of meromorphic forms, one on each irreducible component. As well as poles at the marked points i − 1 and i + 1, ω 1 and ω 2 are permitted to have simple poles at the nodes, again with equal and opposite residues on each component. These properties uniquely fix 13
on boundary divisors where i − 1 and i + 1 lie on different curve components, and
if i − 1 and i + 1 remain on the same boundary component. The reason ω 2 = 0 in this case is simply that there are no meromorphic forms on a CP 1 with a simple pole at just one point (the node). Thus, our form has a zero on boundary divisors in M 0,n for which the i th marked point is on a different curve component from both the (i − 1) st and (i + 1) st marked points. This zero cancels any potential pole on boundary divisors that are not compatible with the cyclic ordering.
Having identified the relevant boundary contributions, it is easy to compute the residue. For example, for those boundary divisors that are visible in the x j coordinates, from (4.13) we immediately find∂ 18) and after integrating out x i and localising on x i = 0, the remaining form in the i th summand is
exactly as one expects from the picture of the current correlator becoming pinched as the worldsheet degenerates, and generalising figure 4 to the n-particle case in the obvious way. Including also the boundary divisors 'at infinity' in the x j coordinates, we obtain a similar term for every boundary divisor that is compatible with the cyclic ordering.
BCFW Recursion from Maps of Nodal Worldsheets
We have seen that the contour integral (4.1) localises on a sum of terms each describing a nodal worldsheet. To obtain the recursion relation, all that remains is to understand how to describe a holomorphic map to twistor space from such nodal curves. This is straightforward: a map from a nodal curve is simply a pair of maps, one for each worldsheet component, together with the constraint that both maps send the node Explicitly, if we write a degree d map from an irreducible worldsheet as
where Y a ∈ PT are d + 1 arbitrary reference points and u a any d + 1 points on the worldsheet 14 , then the map from a degenerate worldsheet may be written as 21) with the requirement that Z(u * ) = Z(v * ). The original map thus involves a choice of the 3 + 4d bosonic components of the {Y α a } (up to overall scaling). Accounting for both a separate rescaling of each map and for the constraint Z(u * ) = Z(v * ), (4.21) likewise involves a choice of (3 + 4d 1 ) + (3 + 4d 2 ) − 3 = 3 + 4d bosonic degrees of freedom. This just reflects the fact that the boundary components of M 0,n (PT, d) are inherited from boundary components of M 0,n .
Combining all the pieces, the BCFW contour integral (4.1) for twistor-strings gives the relation
where we set u 0 ≡ u * and v n+1 ≡ v * , and where Z 1 (t) = Z 1 + tZ n when j = 1, and Z j (t) = Z j otherwise. We also recall that the t integral is here understood as being fixed by theδ-functions in the vertex operator. The ellipsis represents contributions from cyclic boundary divisors that have marked points 1 and n on the same worldsheet component. These have an analogous form but are neglected since, as verified below, with the [
The ua may be interpreted as the 'centres' of the multi-instanton in the worldsheet gauge field and do not need to coincide with the marked points (though this is often convenient). All choices of these locations are gauge equivalent -a holomorphic line bundle L → CP 1 is completely specified by its degree -so they are not integrated over. This statement fails at higher genus.
shift they have singular support on momentum space. Similarly, although in principle (4.22) , the (d, 0) term has no support when the external twistors are distinct as we assumed (otherwise it corresponds to a collinear singularity of the amplitude), so that only the 'left' subamplitude may be MHV. The factor ofδ 3|4 (Z(u * ), Z(v * )) in (4.22) enforces the constraint that our map indeed maps the node on each branch of the worldsheet to the same point in PT. If we write this asδ
for some auxiliary point Z ∈ PT (not to be confused with the map!), then the terms in (4.22) that depend on the two worldsheet components decouple from one another. We can then recast (4.22) as the recursion relation 15
24) where the sum is taken over 2 ≤ i ≤ n − 2 as well as the MHV levels of the subamplitudes.
Readers familiar with [21] will recognise (4.24) as the twistor space form of BCFW recursion. To summarise the arguments of [21] , in split signature we write 25) to replace the internal twistor by its Fourier transform. Treating D 3|4 Z as [π dπ] d 2|4 ω in (4.24), the integral over the auxiliary (ω A , ψ a ) gives δ 2|4 (π +π ) which can be used to perform theπ integral. The remaining integral measure [π dπ] d 2π d 4 η is simply an integral over the on-shell momentum superspace of the internal particle. Taking the Fourier transform of both sides of (4.24) with respect to all the external (ω A i , ψ a i ), we find the momentum space amplitude 26) where1(t) andn(t) denote the usual BCFW shifted states as in (3.1), still for arbitrary values of shift parameter t. All the amplitudes in (4.26) involve their corresponding momentum conserving δ-functions. In each summand on the right hand side, one set of these 15 It would perhaps be better to write the left subamplitude as A(Z1 + tZn, Z2, . . . , Z ∨ ) to emphasise that this amplitude is a (0,2)-form in each of its first i slots, but only a (0, 1)-form in the auxiliary twistor Z. This follows from the fact that we need to treatδ 3|4 (Z(u * ), Z(v * )) as a (0,2)-form on the 'left' moduli space and a (0,1)-form on the 'right' moduli space, compensating for the fact that the antiholomorphic forms in the shifted vertex operatorδ 3|4 (Z1 + tZn, Z(u1)) are associated either with Z1 or with the shift parameter.
Thus the shifted subamplitude plays the role of preparing a wavefunction in Z which is paired with the Z-dependent unshifted subamplitude.
δ-functions may be used to freeze the integration variables t and (π,π) (up to their usual scaling), ensuringπ
which are just their standard BCFW values. The Jacobian from solving the δ-functions for (π,π, t) combines with the factor of 1/t in the integration measure to reproduce the usual 1/p 2 L propagator factor 16 (see [21] for further details). This argument also shows that contributions from boundary divisors with 1 and n on the same curve component only have support when some proper subset of the unshifted external momenta sum to a null momentum. They correspond to factorization channels of the overall amplitude that are not shared by its BCFW expansion and are usually neglected on momentum space. Of course, these other boundary divisors are important for other choices of BCFW shift.
We have thus proved that the leading trace part of the genus zero twistor-string path integral obeys the BCFW recursion relation. Together with the well-known computations of the 3-point MHV and MHV amplitudes that seed the recursion relation, this proves that the twistor-string correctly computes all tree amplitudes in N = 4 super Yang-Mills.
The Geometry of BCFW Recursion
The recursion relation (4.24) has a pleasing geometric interpretation: the subamplitude dt/t A(Z 1 + tZ n , Z 2 , . . . , Z i , Z) is supported where the external points Z 2 , . . . Z i lie on a degree d 1 curve that, on account of the shifted vertex operator, must also intersect the line [Z 1 ∧ Z n ]. The subamplitude A(Z, Z i+1 , . . . , Z n ) is has support where Z i , . . . , Z n lie on a degree d 2 curve. These two curves must intersect each other at some point Z, which may be anywhere in twistor space. As shown on the left of figure 5, this picture reflects the momentum space sum over factorization channels of the original amplitude. The fact that a factorization channel in momentum space corresponds to an intersection in twistor space was established quite generally in [5] (see also [25] ). Indeed, the channel diagram can be viewed as nothing more than the dual graph of the map, with the different subamplitudes corresponding to the different worldsheet components, and the MHV levels labelling the map degree.
Although we have focussed on the g = 0 twistor-string in this paper, an equally valid interpretation of BCFW recursion is as a relation between tree amplitudes and certain combinations of leading singularities of loop amplitudes -indeed, this is the way the relations were originally discovered [13] . From this perspective, the external states are unshifted in 16 The twistor space recursion relation given in [21] also involved various 'sign operators' or Hilbert transforms, arising from a careful treatment of certain modulus signs associated with this Jacobian. On complex twistor space, such effects are likely to be incorporated in a better cohomological understanding of the external states, and their proper relation to split signature representatives. These issues are beyond the scope of this paper, but note that it has been known since [2] that simply replacingδ 3|4 (Zi, Z) by real δ-functions in real twistors is too naïve, for reasons associated with essentially the same modulus. Figure 5 : BCFW recursion may be viewed either as a relation purely at tree level, or as a relation between tree amplitudes and leading singularities of (unshifted) higher loop amplitudes. These dual interpretations are clearly seen in the twistor geometry.
the loop amplitude. A glance at figure 5 shows how the twistor geometry knows about this alternative interpretation. While the g = 0 twistor-string worldsheet wraps only two of the curves in the picture, the first vertex operator being pulled away from Z 1 by the shift, we can imagine a g = 1 twistor-string wrapping all three curves (i.e., also wrapping the line [Z 1 ∧ Z n ]) and thus meeting all of the external twistors. In comparison with the degree d, genus 0 twistor-string, the resulting configuration has degree d + 1 and genus 1, so the Riemann-Roch theorem (2.4) shows the MHV level is unchanged. Similarly, while the g = 0 curve has a single node, the g = 1 configuration is of codimension four in M 1,n (PT, d + 1) because the worldsheet has four nodes -three of the worldsheet components are mapped to the three curves, while a fourth undergoes a constant map to the point Z n and corresponds to the three-point MHV subamplitude at the bottom right of the momentum channel diagram in figure 5 . This codimension exactly corresponds to the fact that one loop leading singularities are codimension four in momentum space.
How does this picture relate to the line configurations found in [5, 12] that correspond to the solution of the BCFW recursion relation? To solve the BCFW relation in twistor space, one should continue to decompose the degree d 1 and d 2 curves into curves of lower degree until everything is either MHV or MHV. In particular, consider the homogeneous term where d 1 = 0 and d 2 = d at the first step of the recursion. Then one component of the g = 0 worldsheet -containing the first and second marked points -is mapped to a single point in PT. This term only has support when Z 2 and Z 1 (t) coincide, or in other words when Z 1 , Z 2 and Z n are collinear. Since the image of the worldsheet node also coincides with Z 2 , if we now shift the internal state also in the direction of Z n , the result of the second recursive step will look just like figure 5, but where now Z 1 , Z 2 and Z n are all collinear, with the string worldsheet intersecting this line at some new point away from Z 1 and Z 2 (as well as the intersection at Z n ). Continuing in this way, for sufficiently large n we can transfer arbitrarily many states to the line [Z 1 ∧ Z n ].
At NMHV level, having solved the homogeneous term the remaining curves must each have degree 1, leading to the standard picture of an NMHV tree as a sum of 3-mass box coefficients, each of which is supported on a triangle in twistor space as in figure 1. At higher MHV degree, the remaining curves may still have high degree, and we must continue the recursive procedure. It is clear that the resulting products of amplitudes will have support precisely when the external twistors lie in the line configurations of [5, 12] . These higher genus configurations are compatible with the tree-level twistor-string once we realise that many lines are due to iterated BCFW shifts and are not wrapped by the worldsheet.
Conclusions
Twistor-string theory has always been an extremely beautiful idea that apparently suffers from a catalogue of ills. Most seriously, a worldsheet CFT that gives rise exclusively to the single trace term we have studied in this paper is still unknown. As shown in [16, 17] , the theory studied in section 2 also contains conformal supergravity. The close relation between the moduli space of stable maps and BCFW recursion obtained here suggests that the holomorphic sector of the worldsheet CFT is correct as it stands; perhaps only the correct formulation of worldsheet gravity -and its relation with the contour in moduli space -remains to be found.
A second, related issue that so far has received much less attention than it deserves is to understand the role of space-time signature. In momentum space, one may continue from Lorentzian to split signature by analytically continuing the (tree-level) scattering amplitudes between the two real slices, but in twistor space the fact that the external states are really described by cohomology classes (H 1 s rather than H 0 s) makes this issue more subtle. In particular, Lorentzian twistor space contains a real codimension one slice PN that plays a fundamental role in the crucial definition of positive and negative frequency states. In the twistor-string, the choice of space-time signature is supposed to determine a path integral contour. Here we have seen that the homology classes determined by the external states themselves plays an important role in BCFW recursion, effectively reducing the necessary choice of contour to one at MHV level (as in the Grassmannian). It would be interesting to see how this is compatible with a real structure on the moduli space of higher degree maps.
In many ways, however, the most off-putting aspect of addressing these important challenges has simply been the feeling that, for all its elegance, twistor-string theory is a forbiddingly complicated object, far removed from the most successful calculational techniques in momentum space. Recent progress in relating the twistor-string to the Grassmannian contour integral [4] [5] [6] [7] [8] [9] has gone some way towards dispelling this belief, but the calculations required are still rather involved, especially for large numbers of particles and high MHV degree. I hope that the transparency of both the derivation and interpretation of BCFW recursion given here finally proves that the twistor-string is essentially straightforward to handle using unitarity methods, with factorization into subamplitudes corresponding to degeneration of the worldsheet in a very natural way.
Finally, let me mention that from the twistor-string recursion relation has a number of clear precedents in the string theory literature. Firstly, both its derivation and final form are closely related to a recursion relation for gravitational descendants in Gromov-Witten theory obtained in [24] , whose existence may be seen in part as a consequence of the relation between two-dimensional topological gravity and the KdV hierarchy. It is also tempting to speculate that, as in [22] for topological strings, the g = 0 twistor-string recursion relation extends to a recursion relation for amplitudes at higher genus, again via localisation on the boundary of the moduli space at higher genus maps. Indeed, from the twistor-string viewpoint, the conjecture that an -loop scattering amplitude can be reconstructed from its leading singularities seems to require the existence of such a generalisation. In particular, [5] argued that the correspondence between higher genus line configurations in PT and multiloop leading singularities could perhaps be used to bootstrap a successful twistor-string at higher genus.
Another close cousin of the twistor-string BCFW recursion relation is the equivalence between the twistor-string formula and the expression of a tree amplitude in terms of MHV diagrams [26] . I suspect that this relation can be obtained by repeating the arguments of this paper without performing a BCFW shift. The choice of which component of thē δ 3|4 -function to 'relax' presumably corresponds to a choice of CSW reference spinor.
A. Conventions
Every paper on scattering amplitudes and twistors has a different set of conventions. This one uses the following 17 .
A null momentum p will be represented by a bi-spinor p AA =π A π A , where A, B, . . . and A , B , . . . label elements of S − and S + , the left and right spin bundles, respectively. We will sometimes use the shorthand [12] ≡ ABπ 1Aπ2B and 12 ≡ A B π 1A π 2B to denote the SL(2, C)-invariant inner produces on these bundles.
The N = 4 supersymmetry algebra is written as In particular, twistor fields of homogeneity zero correspond to negative helicity space-time fields, so the N = 4 twistor supermultiplet
has a negative helicity gluon as its lowest component, reflecting the fact that (η a , ψ b ) are conjugate variables. Correspondingly, in this paper an amplitude involving two positive and arbitrarily many negative helicity gluons is called MHV, and is supported on a line in twistor space.
